We study the role of geometry dependent phase shifts in stimulated coherent spectroscopy, a special class of heterodyne optical spectroscopy techniques. We generalize the theoretical description of stimulated spectroscopy to include spatial phase effects, and consider the measured material response for several representative excitation and detection configurations. Using stimulated Raman scattering microscopy as an example, we show that different components of the material response are measured depending the position of the object in focus. We discuss the implications of the position dependent phase in stimulated coherent microscopy and point out a detection configuration in which its effects are minimized.
I. INTRODUCTION
Stimulated coherent optical techniques form a class of optical methods that include pumpprobe techniques such as stimulated emission of electronic transitions, and Raman sensitive pump-probe techniques such as stimulated Raman loss and gain spectroscopy. These techniques are classified as stimulated because the signal is detected at a photon mode that is already occupied by photons of the excitation field. In a classical description, the signal can be viewed as an interference between an induced signal field and one of the excitation fields, at the point of the detector. Because the signal results from interferometric mixing of two fields, stimulated coherent techniques can be classified as a special form of heterodyne detection, where the excitation field acts as the local oscillator.
Unlike in regular heterodyne detection techniques, which involve a local oscillator with adjustable amplitude and phase, the phase difference between the interfering fields in stimulated optical techniques is not a freely adjustable parameter. Instead, it is determined by the material response and locked by the geometry of the excitation and detection. The latter aspect, the spatial configuration of the experiment, is usually not given due consideration in most theoretical descriptions of stimulated coherent optical techniques. This is not surprising, as for most spectroscopic measurements homogeneous samples and plane wave excitation can be assumed, in which the spatial phase of the configuration is fixed and may not be varied.
However, there are several experimental configurations in which the spatial phase of the fields is notably different from the familiar case of homogenous samples and plane wave excitation. For instance, in the limit of single molecule spectroscopy, the induced field can no longer be assumed uniform in the transverse plane, as it originates from a single point r in the sample. Consequently, the spatial phase characteristics of such an experiment are different compared to homogeneous samples, and the measured signal reflects different projections of the material response. Similarly, when tightly focused fields are used, the spatial phase needs to be taken into consideration explicitly in order to model the measured response correctly.
The issue of spatial phase is particularly relevant in nonlinear coherent microscopy, such as electronic pump-probe and stimulated Raman scattering (SRS) microscopy. The objects imaged in microscopy are often smaller than the wavelength of light, which implies that the spatial phase characteristics of homogeneous samples no longer apply. In addition, the spatial phase of the excitation fields, as exemplified by the Gouy phase shift, is a rapidly varying function on a micrometer scale. A proper description of stimulated signals in microscopy thus necessitates explicit consideration of the spatial phase.
Although spatial phase has received some attention in homodyne-detected coherent antiStokes Raman scattering (CARS) microscopy [1] [2] [3] [4] [5] and in angle resolved four-wave mixing [6] , so far it has not been studied in detail for stimulated coherent spectroscopy and microscopy. In this work, we provide a description of third-order stimulated signals that takes spatial phase explicitly into account. Using SRS as an example, we show that the measured material response is sensitive to the actual geometry of the experiment. We subsequently demonstrate theoretically and experimentally that, due to the presence of a spatially varying phase, spectral changes can be observed in the SRS spectrum as the position of a small object is varied in a focused beam geometry.
II. THEORY
In the classical description of stimulated coherent spectroscopy, the detected signal can be described in terms of classical wave interference in the far-field. We first define the induced field E s of frequency ω s , which is generated at point r through a nonlinear process and detected at a far-field point R. At the detection point, the induced field is mixed with a local oscillator field E LO , which is phase coherent with the former. The total intensity at the detector is then written as: (1) where n(ω s ) is the refractive index of the material at frequency ω s , c is the speed of light, and I s , I LO are the intensities of the induced signal and the local oscillator fields, respectively. Note that the fields E(R) are complex with a given wavevector that depends parametrically on R. We define the heterodyne contribution to the signal as (2) Stimulated coherent optical signals can generally be understood in terms of Eqn. (2) when one of the excitation fields provides the local oscillator, i.e. the induced field interferes with one of the driving fields. In the following, we shall discuss the role of spatial phase in stimulated coherent spectroscopy by using a Raman sensitive pump-probe experiment as an example. However, the results discussed here hold more generally for other stimulated coherent spectroscopy techniques as well.
In Raman-sensitive pump-probe, two incoming fields ω 1 and ω 2 , where ω 1 > ω 2 , induce a third-order polarization in the material. Raman resonances occur when ω 1 − ω 2 is close to a (vibrational) resonance in the material, which gives rise to stimulated Raman contributions at the detection frequencies ω 1 and ω 2 . The signal detected at ω 1 is commonly called the stimulated Raman loss (SRL) signal. We will focus on this signal for the remainder of this work. The nonlinear polarization component responsible for the SRL signal is: (3) where χ (3) (ω 1 , r) is the third-order nonlinear susceptibility, which describes the efficiency of the third-order material response at frequency ω 1 and at point r in the sample. The time harmonic electric field Ẽ measured in the far-field is a real quantity that can be related to the field at position r as follows: (4) Here we have allowed for a spatial phase shift Φ of the field at point R relative to the phase at the excitation point r. The value of the phase shift depends on the excitation and detection geometry, and several representative cases are discussed below. Using this notation, and assuming no significant depletion of the driving field, the spatial parts of the induced field and the local oscillator field can be written as: (5) (6) where φ is the spatial phase of the induced field at R relative to the phase at r, and α measures the similar spatial phase shift between r and R for the excitation field.
Next, we discuss the form of the signal in three relevant configurations of the SRL experiment, with fixed values for φ and α, followed by a discussion of an experimental configuration where α is an adjustable control parameter.
A. Plane Wave Excitation of a Sheet of Dipoles
For plane wave excitation, the excitation fields have a uniform phase in the transverse plane. We can model a thin sample that is invariant in the lateral dimension as an infinite sheet of point dipoles, oriented perpendicular to the propagation direction of the fields, and located at z as in Fig. (1) a. Using plane wave excitation, the induced field radiated from the collective dipoles at z and detected at the far-field point R is proportional to the induced polarization at r, but shifted by a spatial phase factor . [7, 8] In the plane wave approximation, using , the following relation is obtained from Eqn. (5): (7) In this formulation, the phase relation between E s and P (3) in this expression is equivalent to the phase relation obtained by the plane wave solution of the nonlinear wave equation. [9, 10] Using Eqn. (2) and Eqn. (7), the general expression for the heterodyne contribution to the signal in the plane wave approximation can be found as: [10] (8) For the SRL process, using Eqn. (3), the signal is recast as follows: (9) This relation contains the term , which carries phase information that depends solely on the spatial profile of the excitation field. Using Eqn. (6) , this latter term can be rewritten as |E 1 (r)| 2 e iα . For plane waves, the spatial phase of the excitation field along the propagation direction is invariant, i.e. α = 0. We can thus write: (10) Eqn. (10) is a familiar result: it shows that the SRL signal is proportional to the imaginary part of the third-order material response and proportional to the product of the excitation intensities I 1 and I 2 , at the excitation location r only. The current analysis points out that this result originates from the fact that, for the plane wave geometry, for the induced field and the spatial phase of E 1 at the point of excitation and detection is invariant. However, different results can be expected when the value of φ is different or the spatial phase of E 1 is no longer spatially invariant.
B. Plane Wave Excitation of a Single Dipole
When the sheet of dipoles is replaced by a single dipole, the induced field exhibits a phase that is spatially invariant, i.e. φ = 0. This situation is sketched in Fig. (1) b. We can now write: (11) Noting that, as before, the spatial phase of E 1 at r and R is identical, i.e. α = 0, the SRL signal is written as: (12) Comparing Eqn. (10) and Eqn. (12) , it can be seen that different aspects of the material response are measured when the geometry of the experiment is altered. By replacing the sheet of dipoles with a single dipole, the spatial phase characteristics of the problem have changed, and the experiment is now sensitive to the real part of the nonlinear susceptibility.
C. Single Dipole in the Focal Plane
We next consider a single dipole placed in the focal plane of focused excitation fields, as shown in Figure ( 1)c. In this limit, φ = 0, and the SRL signal is found as: (13) Unlike the case of plane wave excitation, the spatial phase of E 1 at the point of excitation and detection is no longer the same. The Gouy phase shift implies a spatial phase shift of magnitude between the focal plane at r and a far-field point R in the excitation field. [11] [12] [13] Using in Eqn. (13), we find that the measured SRL signal is described by an expression similar to Eqn. (10): the SRL signal in this focused configuration is proportional to the imaginary part of the third-order susceptibility. This configuration is most relevant to SRL microscopy. Hence, when small objects are present in the focal plane, the SRL imaging contrast is determined by S ∝ − Im{χ (3) (ω 1 )}.
D. Single Dipole in the Focal Volume
In the examples considered above, the spatial phase shift of the excitation field and induced field assumed fixed values. As a consequence, the SRL experiment was sensitive to either the real or imaginary part of the nonlinear susceptibility. The focused field geometry, however, allows for an adjustable phase shift between the excitation and the induced field. We now consider a single dipole positioned in a focused excitation field. Recall that, for a single dipole, the spatial phase of the induced field is invariable (φ = 0). The variation of the spatial phase is fully contained in the excitation field. An adjustable phase shift can be achieved by positioning the dipole at different locations along the optical axis z. The excitation field undergoes a Gouy phase shift of total magnitude π along this coordinate, and α is now a position dependent phase shift α(r) with a value in the interval [0, π].
The SRL signal can then be written as: (14) with I 1 and I 2 are the intensities of the excitation fields at ω 1 and ω 2 , respectively. Eqn. (14) explicitly shows that the measured signal in the far-field depends on the position dependent phase α(r), i.e. different components of the material response are measured depending on position of the dipole in the focused excitation field, as sketched in Fig. (2) . As before, when the dipole particle is placed exactly in the focal plane, then and the SRL signal is S ∝ − Im {χ (3) (ω 1 )}. However, when the particle is placed above or below the focal plane, and the SRL signal contains contributions of Re {χ (3) (ω 1 )}. The measured spectral profile critically depends on the relative contributions of the real and imaginary components to the nonlinear susceptibility. We examine the extent of these spectral changes both computationally and experimentally in Section IV.
III. MATERIALS AND METHODS
The SRL experiments in this work were performed on a regular coherent Raman scattering microscope. The excitation beams at λ 1 and λ 2 were derived from an optical parametric oscillator (OPO, Levante Emerald) pumped by a 532 nm, 7-ps, 76-MHz mode-locked Nd:vanadate laser (Picotrain, High-Q). The excitation beam at λ 2 was fixed at 1064 nm, whereas the excitation beam at λ 1 was tuned within the 795 -811 nm range. The pump and Stokes beams were overlapped both spatially and temporally on a dichroic beam combiner, and sent into a laser scanner (Fluoview 300, Olympus), illuminating the specimen with a 60X, 1.2 NA, water-immersion objective lens (UPlanSApo Olympus) mounted on an inverted microscope (IX71, Olympus). To monitor stimulated Raman loss, the λ 2 beam was modulated at 10 MHz with an acoustic optical modulator (Crystal Technology). The modulated pump intensity was collected by a 0.9 NA condenser and detected by a photodiode (FDS1010, Thorlabs), and the signal was demodulated with a home-built lock-in amplifier. To achieve rapid hyperspectral SRL imaging with spectral resolution of 5 cm −1 , several parameters of the OPO, including crystal temperature, Lyot filter, and cavity length, were automatically tuned with home-written software.
To compensate for drift in the distance between the objective lens and the sample, we have incorporated a z-axis stabilizer based on a interferometer design. The light source of the interferometer was a 635 nm diode laser, which produces a position dependent interferogram onto a CCD camera. The phase of this interferogram was retrieved for determining the zdrift, and a z-axis controller (MFC-2000, Applied Scientific Instrumentation) was used to compensate for the distance variations with a resolution of 0.1 μm.
We used 0.47 μm polystyrene beads (Polysciences Inc.) as our target for the SRL experiments. The beads were first mixed with agarose gel, and subsequently deposited onto a glass coverslip. After drying of the mixture, water was added to sample and the sample was sealed with a second coverslip.
The computations in this study were based on vectorial focal field calculations. Details can be found in previous work. [14] Briefly, the nonlinear polarization resulting from a driven dipole, placed in the focal volume, was approximated as a voxel with a volume of 50 × 50 × 100 nm 3 in which the polarization was uniform and given by Eqn. (3) . The focal fields of the incident laser beams were calculated from diffraction theory. [15] The far-field radiation from the dipole measured at point R was added to the incident field at the same location, and the detected signal was calculation according to Eqn. (2) . For the calculations, λ 2 = 1064 nm, and λ 1 was varied in the wavelength range relevant to the range examined in the experiments. The polarization of the input fields was directed along the x-axis. The numerical aperture of the excitation objective used in the calculations was 1.2W, where W implies that the immersion medium is water. The vibrational resonance of χ (3) was approximated as a single Lorentzian line with a 5 cm −1 linewidth.
IV. RESULTS AND DISCUSSION
We first investigated the SRL signal computationally as a function of the axial position of a sub-wavelength particle in focus. The first column in Fig. (3) compares the interference pattern of the on-resonance SRL signal, as seen on the far-field hemispherical surface, slightly above the focal plane, at the focal plane, and slightly below the focal plane. On the optical axis (θ = 0), a negative signal is observed for all particle positions. This corresponds to an expected loss signal. However, for particles above or below the focal plane, we see that at some larger θ the measured signal becomes positive, corresponding to the blue areas in the radiation profile. This demonstrates that the interference between the induced field and the incident field is not spatially uniform. Note that the radiation profile is not rotationally symmetric because of the linear input polarization of the field.
Importantly, it can be seen that the interference pattern is dependent on the axial position of the particle. This results from the spatially dependent phase α, which, according to Eqn. (14) alters the signal as the particle position is changed. The second column in Fig. (3) highlights this point, which depicts calculations of the SRL signal with a collection numerical aperture 0.9 in air. When the particle is positioned at the focal plane , the spectrum is proportional to Im {χ (3) }When the particle is found above or below the focal plane , portions of Re{χ (3) } contribute to the signal, resulting in a dispersive lineshape.
The dispersive lineshapes imply that the measured SRL signal is not purely a loss signal. At some frequencies, the SRL signal is a gain signal. At first sight, this picture seems in conflict with the quantum description of the SRL process. In the quantum description, a ω 1 photon is absorbed (loss), which, in combination with an emitted ω 2 photon, leaves the molecule in the vibrationally excited state. An emission of a ω 1 photon (gain) would imply that the molecule is initially in the vibrationally excited state instead of in the ground state, which is physically not the case. This apparent ambiguity is solved when integrating the far-field radiation within the solid angle of the entire hemisphere, instead of just within the detection aperture. The full aperture spectral signal is plotted in the third column of Fig. (3) . The SRL signal is now a loss signal for all positions of the molecule, represented by a undistorted Lorentzian line-shape. Hence, there is no conflict between the classical interference picture and the quantum description.
We next studied the effect of spatial phase on the SRL signal experimentally. In Fig (4) , experimental SRL spectra are shown for 0.47 μm polystyrene beads in the region of the vinyl stretching vibration. It can be seen that the SRL spectrum changes when the position of the particle is changed along the optical axis. When the particle is below the focal plane, a depression on the low energy side is seen. In addition, above the focal plane, the spectral density on the low energy side increases, analogous to the trends presented in Fig. (3) .
To verify the position-dependent spectral features, we determined the real and imaginary parts of the polystyrene response with the help of a Kramers Kronig transformation of the Raman spectrum. Using Eqn. (14), we calculated the expected SRL spectra for different values of α(r). It can be seen that the experimental spectra at z = −1.0 μm and z = 1.0 μm are well reproduced for an effective spatial phase of and , respectively. This calculation confirms that sub-wavelength particles can sense the spatial phase gradient of the excitation field, which translates into an effective phase shift that deviates from when the particle is moved away from the focal plane.
Note that the physics that underlies the dispersive SRL lineshapes is similar in nature to the origin of the lineshapes observed in single molecule absorption microscopy. [16] [17] [18] Our work extends previous observations for electronic absorptions to the regime of vibrational absorptions as seen in a stimulated Raman process.
In CARS microscopy, spatial phase effects between a small particle and the nonresonant background of the bulk have recently been pointed out. [4] In SRS microscopy, the electronic nonresonant background is intrinsically suppressed, and interference effects between the nonresonant and resonant field components are absent. Because the dispersion-related wavevector mismatch is zero in SRS, the technique is often interpreted as being completely free of spatial phase effects. Nonetheless, as shown in this work, spatial phase effects do play a role in SRS microscopy. The experiments shown in Fig (4) underline that differences in the SRS spectral profile can be expected for individual particles as a function of their position in the focal volume. These effects are expected to be strongest for particles much smaller than the wavelength of light, such that they can be interpreted as single dipole emitters. Importantly, our work demonstrates that position dependent spectral changes, though small, can be observed even for finite-sized particles that approach the wavelength of light.
Although in practice the reported effects are of minor importance to routine biological imaging, this work emphasizes that a detailed spectroscopic interpretation of SRS spectra acquired in the microscope should include spatial phase effects. Spectra can be interpreted with the help of Eqn. (14) and an effective spatial phase α eff . Our study also shows that spatial phase artifacts are largest when the signal is collected over a relatively small cone angle. Larger collection angles reduce the effects of spatial phase. Full suppression of these effects can be achieved when the signal is collected over the full hemisphere. In this regard, the favored detection geometry, the highest possible detection NA, is similar to the one employed to suppress other nonlinear imaging artifacts such as thermal lensing. [5] Our work thus underlines that the use of high detection NAs is strongly recommended in SRS microspectroscopy of sub-wavelength particles.
V. CONCLUSION
In this work, we studied the effect of spatial phase, which can differ among excitation and detection geometries, in stimulated coherent spectroscopy. We found that the measured material response can vary notably depending on the spatial properties of the excitation field, the size of the object, and the detection configuration. We identified two relevant parameters: φ, which is the spatial phase shift of the induced field between the point of excitation and detection, and α, which measures the phase shift of the excitation field. Using these parameters, we retrieved the signal for the case of SRS in the plane wave limit, both for homogeneous samples and for point dipoles. In the particular case of SRS microscopy, we demonstrated theoretically and experimentally that the spectra of small particles are affected by a position dependent phase shift. These microspectroscopy artifacts can be suppressed by increasing the NA of the detection.
FIG. 1.
Detection geometries in stimulated Raman scattering spectroscopy. In each case, excitation is the in vicinity of r and detection is at the far-field point R. 
